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Abstract
For n > 5 let T, denote the unique tree on n vertices with A(7)) = n — 2,
and let T)* = (V, E) be the tree on n vertices with V' = {wvg,v1,..., v,—1} and
E = {vgv1,...,00Un—3, Un—3Un—2, Un—2Un—1}. In this paper we evaluate the Ramsey

numbers r(Gy,, T}) and (G, T)}), where G, is a connected graph of order m. As
examples, for n > 8 we have r(T),,T¥) = r(T;;,T,;;) = 2n — 5, for n > m > 7 we
have (K1 m-1,T;) = m +n —3 or m +n — 4 according as m — 1 | (n — 3) or
m—14(n—3),form>7andn > (m—3)?+2 we have (T, T) =m+n—3 or

m)—n
m+n — 4 according asm — 1| (n—3) orm — 11 (n—3).

MSC: Primary 05C35, Secondary 05C05.
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1. Introduction

In this paper, all graphs are simple graphs. For a graph G = (V(G), E(G)) let
e(G) = |E(G)| be the number of edges in G and let A(G) be the maximal degree
of G. For a forbidden graph L, let ex(p; L) denote the maximal number of edges
in a graph of order p not containing L as a subgraph. The corresponding Turan’s
problem is to evaluate ex(p; L).

Let N be the set of positive integers, and let p,n € N with p > n > 3. For a given
tree T, on n vertices, it is difficult to determine the value of ex(p;T},). The famous
Erdés-So6s conjecture asserts that ex(p; T),) < @ for every tree T}, on n vertices.
For the progress on the Erdds-Sés conjecture, see [4,8,9,11]. Write p = k(n—1) +r,
where k € N and r € {0,1,...,n — 2}. Let P, be the path on n vertices. In [5]
Faudree and Schelp showed that

cx(p; P) = k(” ) 1) + (g) _ = 2p- ;(” —l-n (1.1)
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In the special case r = 0, (1.1) is due to Erd6s and Gallai [3]. Let K, denote the
unique tree on n vertices with A(Kj ,—1) =n — 1, and for n > 4 let T}, denote the
unique tree on n vertices with A(7),) = n— 2. In [10] the author and Lin-Lin Wang
obtained exact values of ex(p; K1 ,,—1) and ex(p;T},), see Lemmas 2.4 and 2.5.

For n > 5 let T = (V, E) be the tree on n vertices with V' = {vg,v1,...,0p-1}
and E = {vv1,...,000n—3, Un—3Vp_2,Vp—2Un—1}. In [10], we also determine the
value of ex(p;T)), see Lemmas 2.6-2.8.

As usual G denotes the complement of a graph G. Let G and G3 be two graphs.
The Ramsey number (G, G2) is the smallest positive integer n such that, for every
graph G with n vertices, either GG contains a copy of G or else G contains a copy
of GQ.

Let n € N with n > 6. If the Erd6s-Sés conjecture is true, it is known that
r(Th, Ty) < 2n — 2 (see [8]). Let m,n € N. In 1973 Burr and Roberts[2] showed
that for m,n > 3,

m+n—3 if 21 mn,

r(Kim-1, Kin-1) = {m+n— 2 if2|mn

In 1995, Guo and Volkmann|[6] proved that for n > m > 5,

m+n—3 ifm—1|(n-3),
r(T),,Th) =4 m+n—5 ifm=n=0 (mod 2),

m’n

m-+mn—4 otherwise
and, for n > m > 4,

m+n—3 if2|m(n-1),

Kim_1,T) =
r(Kim-1,T) {m+n—4 if 24 m(n — 1).

Let m,n € N with n > m > 6. In this paper we evaluate the Ramsey number
(T, Tyy) for Tpy, € { P, K1 m—1, T, Tri}. As examples, for n > 8,

r(Pn,T)) =r(T;,T)) = 2n — 5;

n)—n
form>m > 7,

(K T*)_{m—l—n—?) ifm—1|(n-3),
ARm=b I = -4 ifm—1¢t(n-3);

and, for m > 7 and n > (m — 3)% + 2,

(P, T) = r(T),, T) = (T}, TF) =

m’n

{m—|—n—3 iftm—11(n-3),
m+n—4 ifm—1¢(n—3).

In addition to the above notation, throughout the paper we also use the following
notation: |x| is the greatest integer not exceeding x, K,, is the complete graph on
n vertices, K, is the complete bipartite graph with m and n vertices in the
bipartition, dg(v) is the degree of the vertex v in given graph G, and d(u,v) is the
distance between the two vertices u and v in a graph.



2. Basic lemmas

Lemma 2.1. Let G; and G2 be two graphs. Suppose p € N, p > maz{|V(G1)|,
[V(G2)|} and ex(p; G1) + ex(p; G2) < (5). Then r(G1,G2) < p. B

Proof. Let G be a graph of order p. If e(G) < ex(p; G1) and e(G) < ex(p; Ga),
then

ex(p; G1) + ex(p; Ga) > e(Q) + ¢(G) = (220)

This contradicts the assumption. Hence, either e(G) > ex(p; G1) or e(G) > ex(p; G2).
Therefore, G contains a copy of G or G contains a copy of G5. This shows that
r(G1,G2) < |V(G)| = p. So the lemma is proved.

Lemma 2.2. Let k,p € N with p > k + 1. Then there exists a k—reqular graph
of order p if and only if 2 | kp.

This is a known result; see, for example, [10, Corollary 2.1].

Lemma 2.3. Let Gy and Gy be two graphs with A(G1) = dy > 2 and A(G2) =
do > 2. Then

(i) 7(G1,Ga) > dy + do — (1 — (—1)(dr=Dd2=1)y /9,

(ii) Suppose that Gy is a connected graph of order m and dy < do < m. Then
’I“(Gl,GQ) >2do — 1> dy +ds.

(iii) Suppose that G1 is a connected graph of order m and dy > m. If one of the
conditions

(1) 2| (dy + dg —m),

(2) i #m—1,

(3) Ga has two vertices u and v such that d(v) = A(G2) and d(u,v) =3
holds, then r(G1,G2) > di + ds.

Proof. We first consider (i). If 2 | (d; —1)(d2 — 1), then 2 | (dy —1)(dy +d2 — 1).
Since d; —1 > 1, by Lemma 2.2 we may construct a d; — 1-regular graph G of order
di +ds — 1. Since A(G) =d; — 1 and A(G) = dz — 1, G does not contain G as a
subgraph and G does not contain G5 as a subgraph. Hence r(G1,G2) > 1+|V(GQ)| =
di+dz. Now we assume 2 1 (d1—1)(d2—1). Then 2 | dy, 2 | d2 and so 2 | (d1+d2—2).
By Lemma 2.2, we may construct a di — 1-regular graph G of order di; + ds — 2.
Since A(G) = dy — 1 and A(G) = d2 — 2, G does not contain G as a subgraph and
G does not contain Go as a subgraph. Hence r(G1,G2) > 1+ |V(GQ)| = di +ds — 1.
This proves (i).

Next we consider (ii). Suppose that G; is a connected graph of order m and
di < dy < m. Since Kg,_1 U Kg,_1 does not contain any copies of G1, and its
complement Ky, 1 4,—1 does not contain any copies of G, we see that r(G1,G2) >
1+2(de — 1) =2dy — 1 > dy + dg. This proves (ii).

Finally we consider (iii). Suppose that Gy is a connected graph of order m and
de2 > m. By Lemma 2.2, we may construct a graph

G_{Km—IUHI if2\(d1+d2—m),
K2 UHy if 24 (dy + dy — m),

where Hi is a dy — 1-regular graph of order d; + do — m and Hs is a d; — 1-regular
graph of order dy + do —m + 1. It is easily seen that G does not contain any copies



of G7 and
dy—1 if2|(dy+dy—m)ord #m—1,

A(G) =
(@) {dg if 24 (dy +da —m) and dy = m — 1.

If 2| (di +dg —m) or dy # m — 1, then G does not contain any copies of G and so
r(G1,G2) > 14 |V(G)| = di + da. Now assume 2 { (d; +d2 —m) and d = m — 1.
For vy € V(Hz2) we have dg(vg) = d2 — 1. Suppose that vq,...,v,—2 € V(G) and
U1,y ...,Um—2 induce a copy of K,,—o. Then {v1,...,v,_2} is an independent set in
G and de(vi) = dg for i = 1,2,...,m — 2. If G has two vertices u and v such that
d(v) = A(G2) and d(u,v) = 3, we see that G does not contain any copies of Gy and
so r(G1,G2) > 1+ |V(G)| = d1 + da. This proves (iii) and the lemma is proved.
Lemma 2.4 ([10, Theorem 2.1]). Let p,n € N with p > n—1 > 1. Then
ex(ps K1) = 527,
Lemma 2.5 ([10, Theorem 3.1]). Let p,n € N with p > n > 5. Let r €
{0,1,...,n— 2} be given by p=r (mod n —1). Then
(n—2)(p—1)—7‘—1J
2
mn=2)p—r(n—1-r)
2
Lemma 2.6 ([10, Theorems 4.1-4.3]). Let p,n € N with p > n > 6, and let
p=k(n—1)4+r withk € N andr € {0,1,n —5n—4,n—3,n—2}. Then
(n-2(p-2)
2
m=2p—r(n—1-—r)
2
Lemma 2.7 ([10, Theorem 4.4]). Letp,n e N,p>n>11,r € {2,3,...,n—
6} andp=r (modn—1). Lett € {0,1,...,7+1} be given byn—3 =t (mod r+2).
Then

ifn>7and2<r<n-—4,
ex(p;T},) =
otherwise.

+1 ifn>6andr=mn-—2>5,
ex(p; T,,) =
otherwise.

L(11—2)(]9—1)—27"—t—3
2
m=2)p—1)—tlr+2—-t)—r—1
2

Lemma 2.8 ([10, Theorem 4.5]). Let p,n € N with 6 < n <10 and p > n,
and let r € {0,1,...,n — 2} be given by p =r (mod n — 1).

(i) If n = 6,7, then ex(p; T)) = %.

(ii) If n = 8,9, then

] fr>dand2<t<r-1,
ex(p;T,) =
otherwise.

m=2)p—r(n—1-r)

5 ifr#n—2>5,
ex(p;Ty) =
-2 -2
(n=2(p-2) )2(]0 ) 1 ifr=mn—>5.
(iii) If n = 10, then
4p—7'(92_r) ifr £ 4,5,
ex(p;Ty) = 4p—7 ifr=5,
4p —9 ifr=4.
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Lemma 2.9. Let p,m € N with p > m > 5, and T, € {Pp, K1.m—1, Ty, Th,}.
Then ex(p; Tp,) < (m?)p. Moreover, if m — 11 p and Tp, € {Ppn,T),, Tk}, then
eolp T,) < e

Proof. This is immediate from (1.1) and Lemmas 2.4-2.8.

Lemma 2.10. Let m,n € N with m,n > 5. Let G, be a connected graph on m
vertices. If m+n —5 = (m — 1)x 4+ (m — 2)y for some nonnegative integers x and
y, then r(Gpm,Tn) > m+n—4 for T, € {Ky,-1,T,,T}}.

Proof. Let G = K1 UyKy—2. Then |V(G)| =m+n—-5, A(G) <m—1
and A(G) < n — 3. Clearly, G does not contain G, as a subgraph, and G does not
contain 7, as a subgraph. So the result is true.

Lemma 2.11 ([7, Theorem 8.3, pp.11-12]). Let a,b,n € N. If a is coprime
to b and n > (a — 1)(b— 1), then there are two nonnegative integers x and y such
that n = ax + by.

Conjecture 2.12. Letppn € N,p>n>5p=k(n—1)+r, k € N and
re{0,1,...,n—2}. Let T, # Kin_1,T), be a tree on n vertices. Then ex(p;T,) <
ex(p;T,). Hence:

(i) if r € {0,1,n —4,n — 3,n — 2}, then

(n—2)p—r(n—1—r)'
2

ex(p; Tn) =
(i) if 2 <r <n—25, then

(n-2p-1)—r-1
_ |

ex(p; Tn) <

We note that
(n—2)p—r(n—1-—r)
2
Definition 2.13. Forn > 5 let T}, be a tree on n vertices. View T, as a bipartite
graph with s1 and s vertices in the bipartition. Define as(T,) = max {s1,s2}.
Conjecture 2.14. Let p,n € N withp >n > 5. Let TT(Ll) and T,?) be two trees
on n vertices. If Oég(Ty(ll)) < ag(T7(l2)), then ex(p; Tél)) < ex(p; T7g2)).

€$(p; Tn) > e(kanl U Kr) = = 633‘(]); Pn)

3. The Ramsey number r(G,,T)

Lemma 3.1. Letn € N, n > 6, and let Gy, be a connected graph on n vertices
such that ex(2n — 5;Gy,) < n? — 5n + 4. Then r(Gp, T)) = 2n — 5.

Proof. As 2K,,_3 does not contain any copies of G, and 2K,,_3 = K,,_3 ,,—3 does
not contain any copies of 7', we see that r(Gy,T") > 2(n — 3). By Lemma 2.6 we

have
(n—2)(2n —5) —3(n —4)

5 =n?—6n+11.

ex(2n —5,T,) =

Thus,
ex(2n — 5,Gp) +ex(2n — 5, TF) < n? —5n+4+n* —6n+ 11

on—5
:2n2—11n—|—15:<n2 >



Appealing to Lemma 2.1 we obtain 7(Gy,T) < 2n —5. So r(G,,T;) =2n —5 as
asserted.
Theorem 3.2. Let n € N with n > 8. Then

(P, Ty) = r(T;,, T) = r(T;;, T7) = 2n = 5.

Proof. By Lemma 2.6,
(n—2)(2n—5) —3(n —4)

ex(2n —5T,) = 5 =n? —6n+11 <n®—5n+4.

By Lemma 2.5,

-2)(2n—6)—(n—4)—1 11 15

2 2 2
11 1
<n?——n+—<n?—bn+14

2 2

By (1.1),

-1 —14
ex(2n —5; P,) = <n2 )—l—(n2 >=n2—6n+11<n2—5n+4.

Thus applying Lemma 3.1 we deduce the result.
Conjecture 3.3. Letn € N, n > 8, and let T}, # K1 ,—1 be a tree on n vertices.
Then r(Ty,T) = 2n — 5.

Remark 3.4 Let n € N with n > 4. From [6, Theorem 3.1(ii)] we know that
T(Kl’n_l,T ) =2n — 3.

4. The Ramsey number r(G,,, T") for m < n

Theorem 4.1. Let m,n € N, n > m > 5 and m —1 | n—3. Let Gy, be

. m—2)(m+n—3
a connected graph of order m such that ex(m + n — 3;G,,) < ()(f)

Gm € {Pn, Kim-1,T,, T }. Then r(Gp,Ty) =m+n— 3.

Proof. By Lemma 2.9 we may assume that ex(m +n — 3;G,,) < w
Suppose that n — 3 = k(m — 1). Clearly (k + 1)K,,—1 does not contain G,, as a
subgraph and (k + 1) K,,,—1 does not contain T as a subgraph. Thus

or

r(Gm,Tn) > (k+1)(m—1)=m+n—4.
Since 1 < m — 4 < n — 6, using Lemma 2.9 we see that

ex(m+n— 3T < (n—2)(m+n—4)
Y n — 2 N

Thus,
ex(m+n—3;Gp) +ex(m+n—3;T))
< (m—2)(n21+n—3) N (n—2)(rr;+n—4)
(m—=2+n-2)(m+n-—3) <m—|—n—3>
< 5 = 9 .




Hence, by Lemma 2.1, (G, T)¥) < m + n — 3, and the result follows.

Lemma 4.2. Let myn € NN\n > m > 7 and m — 1 1 n — 3. Let Gy, be a
connected graph of order m such that ex(m +n — 4;Gp,) < w or G, €
{Pn, Kim-1,T.,,T5}. Then r(Gp,T) <m+n—4.

Proof. By Lemma 2.9, we may assume that ex(m+n—4;G,,) < w.
Asm+n—4=n—-1+m—-3andm—11(n—3), weseethat 2<m—-3<n-—4
and m — 3 # n — 5. Thus, applying Lemmas 2.6- 2.8,

—3 —4
ea:(m+n—4;T;)<(n )(n;+n )
Hence,

ex(m+n—4;Gp) +ex(m+n—4T))
(m—-2)(m+n—-4) (n-3)(m+n—-4) (m+n—4
< 2 " 2 ( 2 )

Applying Lemma 2.1, we obtain the result.

Theorem 4.3. Let mn € Nyn > m > 7 and m — 11 (n — 3). Let Gy, be
a connected graph of order m such that ex(m +n — 4;G,,) < w or
Gm € {Pn, T, T} If m4+n—5= (m—1)x+(m—2)y for some xz,y € {0,1,2,...},
then (G, T) = m+n — 4.

Proof. By Lemma 4.2, (G, T)¥) < m+n—4, and by Lemma 2.10, r(G,, T}7) >
m +n — 4. Thus the result follows.

Theorem 4.4. Suppose m,n e Ny n>m>7, n=k(m—1)+b=q(m—2)+a,
kg € N, a € {0,1,....m —3} and b € {0,1,...,m — 2} — {3}. Let Gy, be a
connected graph of order m such that ex(m +mn — 4;Gp,) < w or G, €
{Pn, T, T:}. If one of the conditions:

(i) be{1,24}

(i) b=0 and k>3,

(iii) n>(m—3)%+2,

(iv) n>m?—1—0b(m—2),

(v) a>3 and n>(a—4)(m—-1)+14

holds, then r(Gp,,Ty) =m+mn —4.
Proof. For b € {1,2,4},

(k—2)(m—1)+3(m—2) ifb=1,
m+n—-5=¢ (k—1)(m—-1)+2(m—-2) ifb=2,
(k+1)(m—1) if b=4.

)

For b = 0 and k > 3 we have m+n—5 = (k—3)(m—1)+4(m—2). Forn > (m—3)2+2,
we have m+n—5 > (m—2)(m—3) and som+n—>5= (m—1)x+ (m—2)y for some
z,y € {0,1,2,...} by Lemma 2.11. For n > m?—1—b(m—2) we have k > m+1—b
andm+n—-5=(k+b—m-1)(m—-1)+(m+3—->0)(m—2). Fora>3 and n >
(a—4)(m—1)+4 we have ¢ > a—4 and m+n—>5 = (a—3)(m—1)+(¢g+4—a)(m—2).
Combining all the above with Theorem 4.3, we obtain the result.
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Theorem 4.5. Suppose that m,n € N, n>m >7 and m —1{n —3. Then

r(Kim-1,T,) =m+n—4,
(T, T5)=m+n—4 orm+n—2>,
m+n—6<r(Ty,T,) <m+n—4.

Proof. From Lemma 4.2, r(T;,,T,;) < m+n—4 for T,,, € {K1m-1,T},,Tp}. By
Lemma 2.3, 7(K1m—1,T5) >m—1+n-3,r(T,,,TF) >m—-2+n—-3 (n>m+1)
and (T, TY) > m — 3 +n — 3. By Theorem 4.4, r(T},,T) = m +n — 4 for
n=m+ 1,m + 3. Thus the theorem is proved.

Theorem 4.6. Suppose that m,n € Ny n>m >7, n=k(m—1)+0b, k € N,
be{0,1,....,m—2},b+#3 and m2_b <k<m+2-0b. Let G, be a connected graph
of order m such that ex(m+n—4;Gyp) < (m—2)(m+n—4) or Gy, € {Py, T}
Then (G, Ty) =m+n—4 orm+n—>5.

Proof. By Lemma 4.2 we only need to show that 7(G,,,T¥) > m +n — 6. Set
G=02k+b—m)Kp—2U(m+2—-b—k)Kp_3. Then |V(G)| = (2k+b—m)(m —
2)+(m+2—-b—k)(m—3) = m+n—06. We also have A(G) < m — 2 and
A(G)<m+mn—6—(m—3) =n—3. Now it is clear that Gy, is not a subgraph
of G and that T is not a subgraph of G. So r(Gy,, T¥) > |V (G)|, which completes

the proof.

Remark 4.7 If p > m > 6 and T, is a tree on m vertices with a vertex adjacent
to at least |5 | vertices of degree 1, in [9] Sidorenko proved that ex(p;Ty,) <

%. Thus, G, can be replaced with T;, in Lemma 4.2, Theorems 4.1, 4.3, 4.4

and 4.6.
5. The Ramsey number r(G,,,T) for m <n

Theorem 5.1. Let m,n € N, n>m > 6 and m — 1| n— 3. Suppose that Gy, is
) < (m—2)(m+n—3)+m+n—4
= 2

a connected graph of order m satisfying ex(m +n — 3; Gy,
or G, € {T}, Pn}. Then r(Gp,T)) =m+n — 3.
Proof. By Lemma 2.9 we may assume that

ex(m+n—3;Gp) < (m—2)(m+n—-3)/2+ (m+n—4)/2.

Suppose n —3 = k(m — 1) and G = (k + 1)K,;,—1. Then |V(G)| = m +n — 4 and
A(G) = n — 3. Clearly, G, is not a subgraph of G and T, is not a subgraph of G.
Thus (G, T)) > m+n —4. Since m — 1| (n — 3), we have n > m + 2 and so 4 <

m—2 < n—4. Hence, using Lemma 2.5, ex(m+n—3;T)) = {(n—2)(m+n2_4)—(m—1)J <
(n72)(m+n*23)*(m+"*4), Therefore
-3
6x(m+n3§Gm)+em(m+n3;T£)<(m+g )

Applying Lemma 2.1, we see that r(G,,,T),) < m+n — 3, so the result follows.
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Lemma 5.2. Let m,n € Nyn > m > 6 and m — 1 { n — 3. Suppose that Gy,
is a connected graph of order m satisfying ex(m +n — 4;Gp,) < w
Gm € {T},, Pn}. Then r(Gp,T)) <m+n—4.

Proof. Since m —14mn —3, m — 14 m+ n — 4. Thus, applying Lemma 2.9,
ex(m+n—4;T%) < (m—2)(m+n—->5)/2 and ex(m+n—4;P,) < (m—2)(m+
n—>5)/2. Asn>m,3 <m—3<n-—4. By Lemma 2.5, ex(m+n —4T)) =

|~(n72)(m+n275)7(m72)J < (n72)(m+n275)7(m72)‘ Thus

or

ex(m+n—4;Gp)+ex(m+n—4;T)) < (

m—2+n-—2)(m+n—>5) <m+n—4>
2 B 2 '

This, together with Lemma 2.1, yields the result.

Theorem 5.3. Let myn € N, n > m > 6 and m — 1 { (n — 3). Then
(T Tyyiq) = 2m—=3 and r(Ty,, T;) = m+n—4 orm+n—>5 forn > m+3. Suppose
that Gy, is a connected graph of order m satisfying ex(m+4n—4; Gp,) < w
or G, € {T), Py}, If m+n—5= (m—1)x+(m—2)y for some nonnegative integers
x and y, then r(Gy,,T)) =m+n — 4.

Proof. By Lemma 2.3, 7(T,, T}, 1) > 2(m —1) =1 =2m — 3 and r(T};,,T;,) >
m—3+mn—2forn >m+3. By Lemma 5.2, r(G,,T),) < m+n —4. Thus,
(T, T}, 1) = 2m — 3. Applying Lemma 2.10 we deduce the remaining result.

From Theorem 5.3 and the proof of Theorem 4.4 we deduce the following result.

Theorem 5.4. Suppose m,n e N,yn>m >6,n=k(m—1)+b=q(m—2)+a,
k,geN,ae€{0,1,...,m—3} andb € {0,1,...,m—2}—{3}. Let G,, be a connected
graph of order m such that ex(m +n —4;Gp,) < w or Gm € {Pn, T}
If one of the conditions:

(i) be{l,2,4},

(i) b=0 and k>3,

(iii) n>(m—3)%+2,

(iv) n>m?—1—0b(m—2),

(v) a>3 and n>(a—4)(m—1)+4

holds, then r(Gp,T)) = m +n — 4.

6. The Ramsey number r(7,,, Ki,-1) for m <n

The following two propositions are known.

Proposition 6.1 ([1]). Let m,n € N with m >3 and m — 1 | n — 2. Let T, be
a tree on m vertices. Then r(Ty, Kip—1) =m+n—2.

Proposition 6.2 ([6, Theorem 3.1]). Let myn € Nym > 3 and n = k(m —
1) +b with k € N and b € {0,1,...,m — 2} — {2}. Let T,, # Kim—1 be a tree
on m vertices. Then r(Ty, Kipn—1) < m+mn —3. Moreover, if k > m — b, then
(T, K1p—1) = m+n — 3.

Theorem 6.3. Let mn e N, n>m >3, m—14(n—2), n=q(m—2)+a,
g€ Nanda € {2,3,...,m — 3}. Let Tp;, # K1 m—1 be a tree on m vertices. If
n>(a—3)(m—1)+3, then r(Ty, Kin—1) =m+n—3.
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Proof. Since g(m —2) = n—a > (a — 3)(m — 2) we have ¢ > a — 3. Set
G=(a—-2)Kn-1U(q—(a—3))Kn—2. Then [V(G)|=(a—2)(m—1)+(¢—(a—
3))(m —2) =m+n—4and A(G) < n — 2. Clearly, T}, is not a subgraph of G
and K1 ,-1 is not a subgraph of G. Thus r(Ty,, K1,,-1) > |V(G)| = m +n — 4. By
Proposition 6.2, r(Ty,, Kipn—1) < m+mn —3. So r(T,, Kin—1) = m +n — 3. This
proves the theorem.

Theorem 6.4. Let m,n € N with n > m > 5 and m —1 ¢ (n —2). Then
r(Ty,, Kipn—1) = m+n—3 orm+n—4. Moreover, if m+n—4 = (m—1)z+(m—2)y+
2(m—3)z for some nonnegative integers x,y and z, then r(1,,, K1 n—1) = m+n—3.

Proof. By Proposition 6.2, r(T},, K1 n—1) < m+n — 3. By Lemma 2.3 we have
r(Ty, Kip-1) >m+n—4. Ifm+n—4=(m-—1)z+ (m—2)y+2(m — 3)z for
some nonnegative integers x,y and z, setting G = zK,,—1 UyK,,—2 U 2K;,_3.m-3
we find A(G) < n — 2. Clearly, G does not contain any copies of T, and G does
not contain any copies of Ky ,—1. Thus, r(T},, K1 n-1) > |[V(G)| = m+n —4 and
so r(Ty,, Kin—1) = m+n — 3. This proves the theorem.
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